Question 1: Lagrangian

Define F = (f(x1), ..., f(xn)) and Y = (y1, ..., yn).
Let fin H, &, «, u be vectors in RV with o > 0 and 5 > 0.
The Lagrangian is defined

L(F b.& o) = |FIP + CET1— (Y 0 0)F
—a'(bY =148 —p'¢
LI (. (Y ©0) Ko~ baTY +aTE
+&T(CL—a—p).

We used that (Y © a)T F=(f,(Y ® a)TK, with

N
(Yo a) K=Y aiyik(xi, ).
i=1
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Question 1: Dual problem

1 .
L(fu b;&aﬂ?) :§Hf|’2 - <f7(Y®a)TK>’H - bO{TY—FaTIL
+&7(C1 —a— p).

with (Y © a)T K= va:l ajyik(x;,.).
Stationarity conditions in primal variables:

Vel=0, V,l=0, V¢L=0.
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Question 1: Dual problem
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L(fu b;&aﬂ?) :§Hf|’2 - <f7(Y®a)TK>’H - bO[TY—FCUTIL
+&7(C1 —a— p).

with (Y © a)T K= va:l ajyik(x;,.).
Stationarity conditions in primal variables:

f=(Yoa)'kK, a'Y=0, Cl-a-pu=0.
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Question 1: Dual problem

1 ~
L(fa b7€7a777) :EHf”z - <f7(Y®Oé)TK>’}-[ - baTY—FOJT]l
+&7(C1 —a—p).

with (Y © a)T K= vazl aiyik(x;,.).
Stationarity conditions in primal variables:

f=(Yoa)K, a'Y =0, Cl—a—pu=0.

Replacing the above in the Lagrangian:

1 1
L(f7 bagaaan) = _§||f||2 +06T]1 == —EOZTGOZ + OZT]l

with Gjj = yiyjk(x;, x;). Recall that: > 0and C1 —a=p >0,
hence the dual problem is

1
min=a' Ga—a' 1,
a 2

s.t.:aTY:O, 0<a<CCl.

)
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Question 1: Boundary points

| 2

v

Complementary slackness:

ai(yi(f(x) +b) —=1+&) =0, pi§=0
In the homework, we are interested in finding sufficient
conditions on the dual parameter «; so that (x;, y;) are
support vector points that fall on the margin of the separating

hyper-surface:
y,'(f(X,') + b) —1=0

By looking for indices i such that a; > 0, the complementary
slackness implies:

yi(f(x))+b)—14+& =0
If in addition p; > 0, then again by complementary slackness
it holds that & = 0, so that y;(f(x;) + b) — 1.
The constraint C — «; = p; > 0 implies that a; < 0.

Hence, we are looking for points such that 0 < o; < C.
For a strict margin point: b = y; — f(x;).
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Question 1: Boundary points
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» Points for which «; > 0 are on the wrong side of the margin.

» Points for which a; = C are strictly on the wrong side of the
margin.

» Points for which 0 < «; < C are exactly on the margin.
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Question 2: Lagrangian
Define F = (f(x1), ..., f(xn)) and Y = (y1, ..., yn)-
Let finH, {&=(£7,67), a=(at,a™), p=(u", 1) be vectors in
R2N with & > 0 and p > 0. The Lagrangian is defined
1 _
L(F, b, & o ) =5 | I* + C(€7 +€7) ™1
+(Y = F—(b+nt—€")Ta’ —(u") "¢t
H(=Y+F+(b-—ml—¢)Ta” —(u7)T¢
Stationarity conditions
f=(t—a)"K, 17(at —a7)=0,
Cl—-at—pt=Cl—a —pu =0.

1 _ _
L(f,b,&, ) = —§||f||2 +Y (@t —a7) —nlT(at +a).
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Question 2: Lagrangian

Stationarity conditions

f=(t—a)"K, 17(at —a7) =0,
Cl—at—pt=Cl—a —pu =0.

Hence, Lagrangian becomes:
1
L(f7 bvéaawu’) = 5”7“‘2 + YT(a+ - Oz*) - n]lT(O‘+ + ai)
1
=— §5TK6 + Y5 —nlT (o +a7),

with d=a™ — a".
Dual problem:

1
min §5TK5 —YT5+n1" (o +a7),

st. 0<at<Cl,0<a <CL,6'1.
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Question 2: Boundary points

» Complementary slackness (CS):
af (yi—f(xi) =b—n—¢§)=0, & =0
a (—yi+f(xi)+b-n—&)=0  p7&
» In the homework, we are interested in finding sufficient
conditions on the dual parameters afr, a; so that
yi — f(x;) — b=n or —y; + f(x;) + b=n.
» First, if af > 0ora; >0, then by CS:
yi—f(x)=b-—n—¢& =0, of >0 (1)
—yi+f(x)+b—-—n—-§ =0, a; >0
» Moreover, if ufr>0 in case 1 or ;>0 in case 2, then by CS:
C—af=uf >00r C—a;=u; >0.

» Need points such that 0 < a?“ <Corl0<a; <C.

» Also note that if 0 < ozfr < C, then a; = 0 and vice-versa
(otherwise, we get —2n = £ < 0 contradiction). Hence, need
points s.t. 0 < |af —a; | < C.



Question 2: Boundary points

» For a boundary point:

b=y; — f(x;) — n, 0<oz,-+<C
b=n+ y; — f(xi), 0<a; <C.

P> Regression function:

f(x)= > (o — a7 )k(xi, x)

{ila;" >0}u{ila; >0}
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